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NATICNAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL MEMORANDUM NO. 113>

THE LOAD DISTRIBUTION IN BCLTED OR RIVETED JOINTS
IN LIGHT-ALLOY STRUCTURES*

By F. Vogt
SUMMARY

This report contains a theoretical discussion of the load distribu-—
ticn in belted or riveted Joints in light—alloy structures which 1is
applicable nct cnly for leads below the limit of preorortionality but a.so
for lcads above this 1limit. The thecry is developed for double and sin—
gle shear Joints. The methods given are illustrated by numerical exsm—
plrs ard tha values assumed for the bolt (or rivet) stiffnesses are based
partly on thecry and partly on kncwn experimental values. It is shown
that the lead distribution does not vary greatly with the bolt (or rivet)
stiffresees and that for design purposes it is usually sufficient to
kncw their order of magnitude. The theory may also be directly used for
spct—welded structures and, with emall modificaticne, fcr seam-welded
structures. The ccomputational work invelved in the methods descrived is
simple and may be completed in a reascnable time for most practical orob—
lems.

A surmery of earlier theoretical and experimental investigaticns cn
the subject is included in the report.

1. INTRCDUCTICN

Mhe distribution of the loade on rivets in steel structures has re—
ceived ruch attention during the last 30 years ard a suanery of refer—
ences orn this subJect is given in sectiocn 2. It has been shown that the
load distribution is not usually uniform, and this has been exolained
theoretically by considering the relative stiffnesses of the different
parts of the structura. The actual stiffnesses have been calculated in
this way from the observed nonuniformities in the lecad distribution.

lReprint of Report No. S.M.E. 3300, Cct. 194k; issued by the Royal
Aircraft Fetablishment, Farnborough, Englarnd.
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The thecretical information available, hewevar, ie only valid for
lcads velow the linit of proporticnalily, and for aircraft gtructures the
Pesariny above thie limit is of grest importance. Tihis repert contains a
thervetical discussion of the load distributicn in btolted or riveted
Jeints that Is mere complete, and particular attentleon is Ziven to tie
cese in whlch the loads exceed the limit of proyorticrnality.

fny thecretical treatment must ve based on the Imowledge of the
local displucement at a polt (or a rivet) as a functicn of the ghear load
erried, and the load distribution for any number cf tolta cr rivets may
Lhen e found wathematically. The bzsic problem is therefere to detocrmins
the local dlaplacement at a bolt, or the stiffnese of the cels, as o func-
tion ¢f the leoad., "Thie displacement inciudes the bterding and shear defor—
raticns in the belt itealf together with the lccal compression in the
plates cae o the bearing etresses. This disniacemsnt can to some extent
be es*iratad thecreticzlly when the lcuds are below the limit ¢f propor—
Linrelity, srd this is shown in 3.2. This 1s nct poesitle for loeds
enove thlis limit, and, as tke experimertal informetion at pregent avail—
eble iz not sufficient, further tests are NECessary.

in thig comnection the difference in tehavicr of bclte =and het or
o rivets, end of Lelie or rivets in gingie cor dcultle shear, is Inpor—
turt. In hot riveting the Tlates are pressed together and the shear load
up to a certaln amcunt is carried by fricticn; when thie fricticn fails
tie rivar carries the rhear lead directly. In cold riveting in light—
griruztures the pressure betwesn the plates i comparstively much
legg ard corsejuertly the lead carried by friction is =lso less. The
Iregcure in bolted cornecticng is ertirely dependent on the vightening of
the rnuts ard camict be relied upon in aircraft structures btecause of the
effects of vibraticn. The diemeter of ths rivet iz ircreased during the
‘recees o riveting due to compressicn srd this is particularly the case
in hev riveting. The rivets not only £111 the hole drilled in the Tlate
but may even erlarge it. In bolted cornsctiorns the heoles usually are
drilled with a slightly larger dismeter thran the bolits, and when the
shear lead 1s increused above that taken by friction the plates will elip
before the bolta cam act agalrn. This elip can bte eliminated cnly by us—
i bolte turned to a cleoae fit., Owing tc both theees ressone hot rivets
cen be assumsd to be stiffer than celd rivets of the same ncminal dimen—
slons, and toey are both stiffer thar tolte. Ccmpariscn tetween the
geries of *egte availuble is difficult and, further, the value of tests
oL ateel giructures for the design of light-allcy etructures is limited.
it shculd be remembered algo that even if rivets irn single ghear are de—
sikned £or the same bearing and shear stressea as for rivets In doulle
shear, they may behave very differently, and this is mcat noticesbla wher,
the pletes are thin and flexible in camparisen with hs riveta. In the
caas of gingle ghear the piates will te bhent locally, ard tke consequent
t1ilting nf the riets ray increase considerably the displacement retween
ths plates. Because experimental data on thege furdamerntal parte of the
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provrlen are partly lacking, the analysis developed in thils repcrt is
based cn essumed rivet and bolt stiffnesses that can be only partly
chacksd either by theory or by available test results.

2. SUMMARY OF REFERENCES TO EARLIER INVESTIGATIICNS

C. Batho in reference 1 based the theory of the lcad distribution
on the principle of least work; it is develcped for dcuble sheur joints by
assuming known values of the rivet stiffnesses. The theory is azrlicasle
or.iy vo lcads below the limit of propeorticnality, and consideraticn Is
given tc Joints between tapered members. The rivet stiffnesses were cal-
culated from tests made on joints with a large number of rivets.

Tests reported by J. Montgomery on pages 727 and 755 of reference 2
were mads cn sieel plates with single to guadruple riveted lap joints
that are crdirarily used in shipbuilding, that is, rivets in single zacer.
A mairn purpcse of these tests was to determine the lcad at which the fric—
tional resistance due to ccmpression between the plates fails and the ncn—
unifcrmity »f the load distribution in multiple row rivets was conflimed.
The teste given in the peper cannot, however, Le used fcr an accurate de—
terminaticn of the stiffness of the rivets because this would invelre
complicated caleculations.

Strain tests cn steel gusset plates are reported by T. Wyss (relsr—
ence 3) =2rd indicate a nonuniform load distributicn, but the tests cannot
be used for the dstermiration of the rivet stiffnesses.

In reforence 4 by W. Pleines tests on riveted stesl ccnnecticns nre
referred to, and the limit of proporticrality can cnly to scme extent be
Judgsd. Tests were made also on dural plates conrnected by & steel bolt
in double chear to steel etraps, and give valusble informaticrn on the
1imit of proportionality so far as bearing stresses cn durel plates are
corncerned. The stiffress of dural bolts connecting dural plates cernot
be fcound from these tests.

A paper by E. Caseens (reference 5) ccntains a thecry for the calcu-
lation of the loads on rivets conrecting a plate to a Team in bernding.
The theory is not adeguate as essential features are cmitted and the re-—
sults are partly misleading. A few tes*s on the stiffness of rivete in
steel and dural structures are alsc referred to, but nc details of plate
dimensicns or test methods are given. Althcugh the author applies these
teet resulte to rivets in single shear it is not clear whether the tests
were conducted on rivets in single or dcuble shear.

Steel Structures Research Committee Reports (reference 6) include
thecretical investigatisrs and aleo tests. In the first report {pp, 100—
179), Batho gives an lmprevement of his thecretical treatment in reference
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1 which is valid below the limit of prcporticnality. Tests on Joints with
a large namber of rivets or bolts were made by S2rawi in comnection with
thils thsmretical investigeticn. The load carried by friction in the case
cf v-lved connecticrs was measured also as a function of the torque on

the velte. This last matter also is dealt with in the seccnd repcrt

(pr. 235174). Cn pages 289-291 and also on peges 295 and 296 of the
firal repers the deformation at rivets and volte dus to eghear forces is

in these reports references are given also to other parers on this

C. Zirdeisen, Fertwig and Peterman, end Hovgeard (references 7 to 9).

Bielich, in his German texttoock on ste=el bridges also has putrliched,
in 187, » theory of the load distridution cn rivete. Tha references
vrailizblae indicete thet only the simple problem of leads below the limit
¥ prevortionality is considered,

Refererce 17 Ty 0. Volkerson gives a thsoretical discussicn of the
ioad distribution on rivets based cn 2 "substitute eystem” with & contin—
ucte cunnecticn between plate end straps instead of cconnestion at dis—
crele points. This dces not appeer to simplify the analyais and the
motkcd le unsuitztle for tapered secticns and for loads apove the limit
cf preporticnality The extension of the thsory to ronlinear deformst-ons
lnecorrest end givee misleading results. The direct measurements of the
Afrress of dural rivets constitute ths main valua of hic werk and thess
T wgeries are the cnly ones of real velue that have veen publishsd on
this subjest. The results of the different tects sre discusced in 3.3.

a

ritution on rivets is
*I the Rleich and
reatigaticns ere glen

Little origizal work cencerning the lead dis
given in referernce 11 by H. Portier, tut in part v
Volkerson mothcds are given. In eddit Lien, scms inv
°n temperature strecses,

3. GENFR~I, TEFORY CF DOURLE SHEAR JOINTS

3.4 Distrituticn of Leads tbelow Iimit of Froporticnality

+ doutle shear joint is ehown in figure 1{a), 2nd in figure 1(b) the
lnada cerried by the different members of the Jeint also are shown.
Assume the brolfe £9 carry the shear lcads Py, P., Pa, P4. . ., half cf
which are cerried at sach side strap. The tension lcsda in the dirferent
sections of +the p;au, are then

S
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Ql = Pl
Qe = P1 + Po
Qg = P, + P2 + Py, and so ferth

and the loads in the two side straps taken together are

Ry =P =
Ry = P~ Qp

Rq = P = Qa, and so forth
where P is the total load carried by the joinv.

The totsl local displacement at each bolt (in beolt, straps, end
plate) may be written in the ferm

i}

bl ClPlao

Sp = cpPzly, and so forth

where Up 1is a quantity with which all defcrmations are compared, and
c1, Co, &nd so forth, are nondimensicnal parameters that are coenstants
telow the proporticnal limit and functions of the loads abeve the propor—
ticnal limit.

The extersion of each section of the plate and of the side straps
may in the same way be written in the form

1
A= a1 b4y Do
Xgl = ap Q> Uy, and 80 forth
and Xl = bl Rl bO

As = bs Ro &5, and so forth
regpectively.

New By + At = A1 + B>

It

€5 + At = Ap + B4, and so forth

il



and thesze give the fellewing eguations,

c1 Py + 23 Ty o=ty (P=P1) +c P
Cz Foo+ e (Py + Po) = b (P- Py - P.) + ¢ Pq

(2 ¢ ¥y +c1) Fy ~cp Py =By P
ar 2 L) Py o+ (ap + bz o+ cp) P - Cy Fg = bp P

(Py + Pp) + (8g + by + Ccq)Py - o, Py = by P, and so forth
Further, if there 2ve n  bolts

— X )e
P=P+Py+Py,+ . . .+ P

hese simple equations the lcads F,, P,, and sc forth, carried

¢ are esgily calculated once the ccefficients &, b, and c,
»sent The reigtive stiffnessez of the poris of the Joint, =zre
uown.

I the bolts are arranged in several rows nowmial tc the tensile lcad,
each row centaining & number of bolie, the culculatione may te carried
out as atnve with the fellowing medification. Let *the number of ocits in
the ith row bte m: eand let Pi be ths total lcad on all these beolte.
‘he lowd on each bolt will then be Pij/m;. The terms ciF; in the equa-

o+ =3

iora whish rerresent the digplacement at an individusl belt sheould then
8 revliaced by c¢ifi,/my; otherwise, the equations zre uneltered.

o

Lxzngle 1

Azgume the gtiffrness ¢f all secticus of the tlates
the game und take &p = 1;FA, where A I3 the mean effec
the plate, so thet

and straps tou be
tive section of

oy
=
it
&
]
o
i
0
o
[
[
o'
3
i
o
]
#l
i
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iAssume further that the

stiffness of all the bolts is the szne:

Ci = Cz=C3 = . . .=2C

The eguations are then

2+c¢c)Pr=cPso=P

2Py + (2 +¢) Pp--c b3

2Py + 2P_ + (2 + ¢c) Ps = ¢

P

P4 = P, and g0 forth

and cacause of gymmetry,

which

Fer 3
Fer &4

For &

and.

For & bolts:

and

With, for instance, c¢ =

¥y = Pn, Pz

= Ppn-y, P3 = Pp-p, and so forth

2, these rslationg give:

together with the relation
P=P, + Ps + . + Fp
y the fellowing results.

bolte: Py = Pq = P(1 + c)/(2+ 3¢) end P. =P c/(&+ 3
bolts: Py = Py = P(2 + ¢)/(b+ 4¢) and Py =TFy =P o/
bolts: P, = Pg = P(2 + bc + cE)/(h + 10c + 502)

P, = Py = P{c + c=) /({4 + 10c + 5c%)

Py = P c2/(4 + 10c + 5c%)

Py =Pg =Pk + 6c + c2)/(8 + 16c + 6¢%)

P. = Py = P(2c + ¢2)/(8 + 1hc -+ 6c7)

Fy =P, = P cZ/(8 + 16c + 6¢%)

N

.}:‘.‘

~
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For 3 bclts: P, = Pg = 0.375 P or 1.125 P/3

i

e = 0,25 P

Fer & belte: Pp =Py = 0.333 P or 1.333P/4

}_4
ct

P, = Py = 0,167 P

For 5 bolte: Py = Ps = 0,319 P or 1.595 P/5
Po =Py = 0.136 P
Py = 0,091 P

Fcr 6 bolte: Py = Ps = 0.312 P or 1.87 /6
Ps = P5 = 0.125 P

Py = P4 = 0.063 7

This gives the well—known result, that by using relatively stiff
tolts {whsn ¢ is emall) an incrzase in the numter of bolte does not re—
duce the lcad con the highest lceded bolts very muck, provided the loads

are below the propertional limit. By using very flaxible bolts (when ¢
is lar;e) the lcad distribution approximetes to a unifcrm distributien:

Py P/M as ¢ > ®

This is fo sime extent rmalized when all the bolts underge large non—
lirear d-fcrmatione while the plate and straps still remain stiff, (Gee
2.7 and 3.8.)

Exarmnle 2

founiform lcad distribution car be obtained also by taperirg the sec—
ticn of the plate and etraps in propertion to the lecad tc be carrisd by
this desired distridbuticn. For instance, in the case of five bolts the
relatlve stiffresses of the different sections should be chosen eas followe:

1 that 18 section Ay = P;
az = bs = 4/3 that 13 section Ay = By =

i
o
',.J
it
}
(@]
~
\n
td
[

a = bg=2 that is section Ap = Bg = 0.5 3B;
2

a; = by =4 that ie section A; = B

il

&
1
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ard it ¢; =c¢» =c¢cg = ¢4 = cs, 1t 1lg found that P, =Po = F3 = Py = P,
ard this result ls independent cf the value of c.

More generally, a uniform lead distributicn 1s cbtained i all Tolts
kava the same stiffness and the cross secticns of the piates ure chiocen so
that
but it is hardly precticable, however, to taper to this extent in aciusl

cecnatructicns,

If the taper 1s chosen as follows,

as = by = 1 that 1g gecticn A, = By

s = ba = 1.25 = 5/ that 1s section Az = By = 0.8 By
gy = bs = 1.667 = 5/3 that is section Az = Bg = 0.6 B;
a; = by = 2.5 = 5/2 that is section A; = Ba = C.4 F,

P, = Ps = 0.2k5 P

Pr =P, = 0,174 P

ard

Pg = 0,162 P
ireteal of T.319 P, 0.136 P, ard O0.C91 P if there were nc Lapsr.
Similarly, for c =4,

ant
Ps = 0.172 P

Instead of 0.274 P, 0,161 P, and C.129 P 1if thers were no ‘taper.
With this degree of tepering, the maximum los? on ery hol% for o = 2

ig reduced from 1.565 to 1.225 times 0.2 P &nd for ¢ = 4 is reduced from
1.370 to 1.155 times 0.2 P,
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In cther words, the taper has corsiderably reduced the overload cn
the cuter bolte to nearly the mean values 0.2 P.

I tke secticne 1.0 — 0.8 — 0.6 — 0.4 are the maximum degree of taper
thkat ~ui be used in crder to maintain the necessary sirsngth of plate, it
is to Pe guesticned whether this is the best prssitls taper. A deta*led
invoetigation irdicates that the best load dis*ributicn is cttalned by
rakirg ‘he cress eoction of the plate as small es pcoaeibls betwesn the
last twe belis and by tapering ocnly after the secord boli. For irstancs,
with {he teper 1.0~ 1.0 - 0.7 - 0.k and ¢ = 4 +ha rivat loads are
0,229 P, 0,181 P, 0.180 P, 0.181 P, and 0.229 P. The reduciion of the
meximum rivet lcad is only frem 0,231 P to 0.229 P, which 1s negli giLl .
But th- eiresses in the plates ere reduced alsc by this changs 1n tre taper,
ard even 1f the effect of this elteraticn 1s of little impcrtence, it is
et lsast an dmprovexent in the design of the siructure. The lcad distri-
tuticn for the partizular case of five bclts 1s shown in figure 2.

3.2 Displacemsnt at Rivets ~r Rolts &rd Thecretical Aralysis Tor
Leads telow the Limit of Proporticnality

Aelow ths limi% of proportionality, and assuming +that no load is
carried by fristicn, the local deformaticn at the bolt and the hole can
Le approximately calculated in the twc eXtreme cas=a when the diameter of
the bolt is eithsr very large or very smell in ccrparison with the thick-
resses 4 of the plate and the strayps.

(1) Diaweter very isvge.— In tris cass the bLolt 1is very atiff ard will

thtn e orly sligatly tert, The dis* ributlu. of lced along the axis of

= bili can be aseumed 40 be falrly even, as showvn in figure 3(t). The
dize;t gtear arnd bending dsfermation in the tolt 1*teolf can tlren easlily
Lo calewlated, Let fy te the displacement te*weer: the plete and tre
straps due %o this part of the deformaticr. Thic displacement can obvi-—
ously te taken as the diffsrence tetwesr the mear crdinate fur the elastic
line of tla Toli for the thickmess ts, of the piate mirus +he mean ordi-
rate for the thickness t; of the straps, as irdicatsd in figures 3(e)
and 3(b). The detailed calculation gives

= (P/Ed) (9t,% + 15612 to + 10%; 22+ 2,°)/11.784°

+ 0,3 (P/EQ) (2t; + t2)/d

wheres the firet term revresents the deformation due to bending and the
sercnd term that dus to shear.
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With t; = 0.5%p, this gilves

~

3
£y = (F/E) { 0.6{ts/a) + {tz2/4) .}

and with %5 = to

r 3]
f; = (B/E) 1 0.9(ts/d) + 3.0 (tz/d) ¢

The bending of the bolt introducss ncnuniformity of the load with a
crrcentraticn toward the cocmmen surface of the plates and *the strapz, and
thus reduces the bendirg of the bolt. In additicn, rivet heads ard tight
ruts cr the bolte will reduce the bernding. The formula theref-re gives
decidcdly too large &« value for the displacement due to bending 1f 4 1is
small and can be cnly approximately correct for large values of d.

The direct ccmpressicn due to beering stresses in the plate, the
straps, and the belt must be added to thies displacement due to bernding
of the bolt, .

Colker and Filon (reference 12, p. 527) give the approximate stress
distribution in an i{rfinitely largs plate with a lcaded hole., The stress
distributicn includes & term proportional to l/x where x  is the dis—
tance frcm the center of the hole and integraticr rrim the edge of the
hole *o infinitely lsrme values of x will therer:re give infinitely
larze values of the disvlacement f, (see fig. 4i=2)). Cnly the local
deformaticn at the hole is requilred kere and not the effect of the streeeses
away from the hole, It is ther=fore reasonabl. to integrate only up to
certaln values of x, ard it is tournd that

for x =4 1.9 £z = (P/Et) 0.362
¥ =4 1.5 tp = (P/Bt) 0,556
x =4 2.0 fo = (P/EY) D.745
x =a 3.0 fz = (p/Bt) ©0.5¢7, ard so forth

For larger values of x, fp increaces cnly very gradually, and, since
x = 33 takes into account more then the local strain, it is reasonable
to take

fo = 0.9 P/E%

In the bolt iteself there 1s a compression due to the bearirng stresses
which are approximately P/dt at the surface and half of this value at
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the axls of the bolt. The corresponding ccmpressicn between the surface
and the axls of the bolt can be approximately taksn as

fa = (1/E)(P/at)(1.5/2)(a/2) = 0.375 P/Et
The bearing stresses in the plate and the bolt give approximately
(B/=t) (0.9 + 0.375) — (P/E4) 1.3 a/t

There ls crne such term for the middle plate (thickness tg) ard crne for
ths sirepes {thickness t;), end these together give

(P/Ed) 1.3 (a/2%; + d/tp)

Tha dieplacement at the bolt when the hole diameter is large 1is fi-
nally given bty

(p/Ea) £(a/ty, 4/ts)

where f e a functicn of the relative dimensicrs,
ard for 't_]_ = ‘3.5 tg

, 2
£ o= 1.3 (3/ety + 4/tz) + 0.6t5/d + (t:/d)

#

fl

2.5 d/tg + 0.6 tz/d + '\'tz/ld)s

and for %3 te

1

3
£ =1.95 d/tz + 0.9 t2/d + 3 (to/d)
approximately.

Tkess formulas are only valid for large values of &, and then
the first term 1s the mest important, end the othere are cnly of minor
importance.

(2) Dismeter very emsll.— If the diemeter of the Yol is very small
in compariscr with the thickness of the plate the dieplacement between the
plate and the straps can only depend on the deformaticon in the bolt and the
plates near thelr commcn surfaces,
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The ideal
tte two surfaces are hcmogeneouely connected over an ars=a of llamet
Fer this sese the disvlacement may be found by mesans of the formuia
troes ard etrain in a semi—infinite bedy leaded at the surfeze, ar
cade distributed over rectargular areas the average displacsment &

~
% 9%

SAY
3
A

s

celoulated (reference 13). Substituting a square of sides & =22
with diemeter & = 1.288, both of which have the same area, 1t ic
that for bolte in double shear
5 = 2(0.5 P/Bs) 0.9L = 1.03 P/Fd
This calculeticn gives too small a value for the divpleo=men®
cucs of bolt or rivet connecticne becauss the holts or rivats sro n

welded %o ths plate.

ducs openings batwsen the bolt and the plats.

Ancther estimate may be made as followa by agcuming that ‘e L
ig ccmplefely built In at distances greatsr thann gd, g belng a

13

cape is to some extent represented Ty spo~welding wren

ey 4.

a for

i ror
brasn

a zlilrcle

T ound

iroohe

ol

D

Cn the contrary, a lcadirg of the Jolnt must pro—

+

- 4 E
cariain

parameter, from the common surfaces of the plate and the s*reps, The
nolt 1s ther in double shear, as shown in figure L{p), and
)
5 = (P/B¢) (3.7¢ + 6.82 )
ard 1akirg diffsrent values of g 1t ie fourd trat
fer @ o= 0.3 5 = 1.3 P/Id
g = 0.4 5 o= 1,30 va
& = 0_5 D = 2,7 IJIFQC‘L
g = \1.6 8 3_7 P/Fd
The coetficierts can be determinad cnly by tess, aud provisicnally
g value of 3 is assumed to be reagomabls. Much d=perds cn how clovely
the tolt fits the hole and if the hole is lergerthar ths bol® the Ale-

placement will obtviously bte greatly increased.

IAGR!

(3} Interpolaticn.— Ry writing
5 = (p/E1) £
ard plotting f as a function of the retlo d/tg for very larze anl very
small valuws of this ratlo, the values 4 f for medivm valuves of the ratin

may be approximately cbtained by interpolation ac shown in figure 5
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Or. dimensicnal grounds the digplacement must be given by a formula
of this type, where f 1is a nondimensional function of the ratios be-
tween the dicmeter and the thicknesscss of the vlate and the straps., The
wldth cf’ the plate also enters into this functicn, but if the width is
larce in comperison with the diameter the effect of varlations in the
width is negligible.

3.3 Comperison with Tests

Velkerscn has measured the deformetion for single dural rivets and
8 diegrans for a ccefficlent n defined by the equation 8 = P/n

& = (P/EA)F
whers f 1s a function of the relative dimensicne f = Ed/n

With a value of E equal to 7000 kilcgrams per square millimeter! the
following results are obtained from hie diegrams:

]
ty to ! 4 n
(irm) (mm) (zm) (kg /rm) f

1 o 5 6,600 | 5.83
1 1 L B0 5.37
1 1 3 3,000 7.C0
L 1 2.6 2,420 7.53
2 2 5 8,55 b2
2 ) I 5,500 k.75
2 2 3 4,000 5.25
3 s 5 11,200 3.12
3 6 b 7,400 3.78
3 6 3 L,Lo0 L.783

Yma values of f are shown in figure 6 as a function of the ratio
a/t,.

The following results given by Cassens alsc are shown in the seme
figure on the assumption that the tests were made con rivets in doubla
shear:

d=5mmn n = 100,000 kg/em
d =4 mm n = 50,000 kg/cm
d = 3 mm n = k&,000 kz/cm

=
1Thig corresponds to 10 opsi,
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No information is given on the test methods employed. Volkerson admits
veriations up to about 25 percent for the individual samples from the
averaga cf gix, ard, where so much deperds on the wcrkmanship, thia is

not urress-orable. It is obviously more serinus that the test resulte

are not in agrecment with the dimensicnal law, which necessitates that all
the pcirnts should be on & continucus line in figure 6. This was not in—
vestigated, and 1t is stated that the deformaticne are preportionsl to the
lecads up to 17 percent of the ultimate for & = 5tz and up to 46 porcent
of the ultimate for d = O0.Ttz. A more detailed investigaticn of Volkerscn's
results shows that tke proportiocnal limit corresponds either tn bearing
gtresses up to 32 kg/mm® or to shearirg atreeses up to 13 kg/um®, Cnly
for very largs dlamcters d 1In ccmparison with the thicknesses t was

the 1imit found to be at appreciably lowsr etrasess, and thie cculd be
expected becauss the buckling of such thin plates takes place. In this
cennection it shculd be noted that Pleiner has cbscrved psrmamsnt defor—
matiorns due to bearirg streasee above 12 to 15 kg/mm2 in the plates.

Since these deformations ere not properticnal to the loads, the limits
given by Volkerson therefore appear to be high. The deformations, however,
are probably not greatly in excees of the limit of proporticnality.

The dlsagreement with the dimensional law can be explained ty gaps
in the rivet holes or by a different type of nonlinear deformation. The
mest reascrable explanation, however, 1s the difference in the action of
friction for large and emall rivet dlemeters. Montgcmery (refersnce 2)
has pointed out in en erticle that, for steel rivets, "In fact, the whole
series of experiments ghowed that the adherence factor haed not the im—
portance in the thicksr plates which it had in the case of thinner material.,"
This statement means that for ccnstent thickmess of the plates, but vari-
able diameter of the rivets, the fric*ioral resistarce 1l ccmparatively
greater for lerge than for small rivet diameters. This is in agreement
with the Volkerson results and might explain the disagreemernt with the
dimensicnal law,

If, now, ccmpariscns are made with the resulte of the theorstical
arslysis given in 3,2, it can be seen that for & small rivet diameter there
is fair agrsemernt with the Volkerson teste. For large diameters cnly did
the tests gilve considerably less displacement than that given by the thecary,
thus indicating considerable frictional resietarce,

Since the main point here is to obtain a formula giving the correct
order of megnitude,

f=a(d/te +d/2t1) + 1

may be taken as an average where a = 0,8 and b = 2.5, and the straight
lines ccrresponding to t; = t and t; = t2/2 are shown in figure 6.
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By writing

5 = Pf/EQ = cP5, = cP 1/EA

the coefficient ¢ = A £/1d wused in the general thsory is cbtained

where

A cress secticn of plate

2 svaclng of rivets or bolts
ard

d dismetsr of rivets or bolts

Frcm the approximate formula given above for f 1t is found that

c = (&/1) (0.h/ty + 0.8/t + 2.5/2)

Tre cnly other teet seriles that can Te used for the determination of
the ccefficlent ¢ 1s given by Batho in his original peper (refersrce 1),
ard in the Steel 3tructures Ccmmittee Reporis (referonce 6), From tests on
1/2-inck +o 7/3-1inch steel rivets spaced 4 inches apart gnd Joining
3- by 5/8-inch plates with 3~ by 5/16~inch straps, Batho found the empirical
relaticn

c = P/(lO5 X dz/h) (Batho uged 5 for c)

whare

P total lecad <n the Jeint, pourds
and

a rivet diameter, inches

The coefficient c¢ 1s deduced from theory that is valild only below
the limit of proportionality and ¢ should then depend only ¢n the rela—
tive dimensicne and not on the load. The variaticn of ¢  with the load
may have been caused by frictional effects and by ronlinear deformations
within the range of apprlied load.

Batho's formula for c¢ cannot be directly compared with the formula
bvased on the theory given above and the Volkerson tests, because 1t in—
volves P and no other dimension apart from the rivet dlemeter. Batho
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has printed cut that the indirect way of determinirg the confficlent ¢
dces nnt give accurete results and the tests indicate a valus of ¢ which
is ccnsiderably less than that to be expected frem the foragoing thoory
ard the recults of Volkerson., Even at loads equal to cme third of tla%

at failure the velue of ¢ 18 only one fourth to one fifth of that %o Dbs
expected, and for higher lcads the experimental values of ¢ are lncreag-—
ing very rapidly.

The explanation may be that, for the lower loads, +he en*tire lcad 1s
carried by fricticn and then the corresponding stiffnese of tke rivete ie
very much increased.

It 1s not, howsver, reasonable to basc the design of light-alloy
structures on these tests on hot riveted siructures because thess muet
involve considsrably more friction than is to be expected with cold
rivets or tolts.

The formula based on the Volkerson tests is recommerded for the de—
sign of light-alloy structures until new tests have been made,

3.4 Displacements above the Limit of Proporticonality

Mathematical anelysis cannot give the displacement of rivets or bolts
for lcads above the limit of proporticnality. The only test seriss pub-
iished, which gives general results for light—alloy rivets, appear to he
of Velkerson.

Gererally speaking, if the diemeter is large in ccmpariscn witk the
thickness, thke Joint will fail due to bearing etrarses after large dis—
placemsnts which are primarily due to deformaticn of the plates, Very
thin plates will fail by tucklirng and, according to Pleinesn, thig occurs
if d 15 greater than 5%, provided the plates are not supported by
nute or rivet heads,

The followirng data have been teken frcem Volkersen's work and are
shown in figures T{a), T(r), 7(c), and 7(d). The teste refer to dural
rivets with dimensions given in 3.3.

Let

P, represent Limit of proportionality fcr the rivet, from which the
correspording bearing and shear stresses are calculated

P>, ultimate lcad at failure from which the corresponding bearing and
shear stresses ars calculated

Bo, ultimate displacement at failure
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ard

S value of the ordirats at the lcad axis for the tangent to the upper
part of the displacement curve. (Sce fig. 7{(a).)

The tearirg end sheor stresses for the loads P; =nd P, are plotted
as furctd e of the ratio d/tg and those corresponding to5 tle lceed S
are elso plotted in the same way. I+ is fourd *trat op an avelrngs
S = 0,92 P with verieticns fram G.85 to 2.75 end in - excentien to 0,71.
Feilure for & greater tian 3ts ssems to te due t
a meximm value of 149 kilcgrsme per squar: milliwster an
areter: 1g dus Yo shear stresses with an averags vaiue of atcout 29 kil cgrame
rer eqrare millimster.

cre
b (BN

CJ

@]

™

Yor A = 3%, the limit of preporticrality seems to te at beering
etresrse of about 22 kilcarams per cqurare uilliretor, ané decreaseg both
fer largsr ard smeller dlemeters as shown in Tigure T7(b). For very small
diameters the limit of proportionality corresponds o shear stresses of
about 13 kilcgrams per square millime‘er.

Tre displacement at the limit cof proporticnality can be found frem

5, = (Py/Ed)f

where 1 1is the quantity discussed in 3.2 and 3,3,

Let the displacement at failure be

B2 = (Pp/Fd)f5

where fz 18 & similar function cof the relative dimsnsione, The quantity
f» has tesn calsulzted from the given test resul*ts ard is chown in figure
7(3) as & furction of the ratio d/tz. The experimertel points in this
figure very rearly lie ¢ri & omooth curve, and thers is actually better
agreerent than for f below the limit of propertionallity. If P osnd

T sre known,the ultimate dieplacement &, can row be found for alLly
slze of rivet.

In this way the disnlacement in the higk region and the low region
is cttained av a function of the load, and 2t ig cly necessary to Join
the correspcnding two straight lirec by a emcoth curve, It is not nec—
essary tc determine more peints con thie curve directly frcm Volkerson's
tests becauss 1t i3 more lmportant to knocw their ordsr of megnitude than
their accurate valuee. The curve shown in figure 7(a) is for *he cace
vhere & = t>. The ncnlinear part of the displacement is found to be
ccmperatively much greater for larger diameters.
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The continuous curve representing the dlsplacement is perkape a little
. s Az
misleading, ard fcr most practical purposes the displacement lg more ais—
quately represanted bty a disccntinuous (or dotted) curvs.

3.5 Test Methcds

Volkersor made the plate ccntinuous with the side sitraps atteched to
it as shown in figure 8 and measured the extension betwsen thu points Ag
ard C;. £ ccrrection was then made for the normal sxtensicn in the plate
(fz — B5) and the straps (By - C1). Pleines measured the sxtensicn Te-
tween the points Dy and D without any correction. AY first zight 1%
would appear reascnable to measure the displacemert betwean points IE;  end
Br o obtain the lccal "bolt + hole deformaticn” directly. This, hcwever,

weuld necessitate a correction in the criginal equationg as LOllCWﬁ

The elorgation of the straps between B; and Bll (see fig. ) wes

previcusly dencted by
A‘Z = bg R2 F)o

The total tensile force in the strap for the length B; to A; 1is, how
ever, equal to

R1=R2+P2

and the correction expression for the elongation should thsrefore te

Ao = ",p(bg Rs + bzl P?)

and similerly fcr the lsngth of plate Bgl to Cgl the lcad Py enters
ints the expresslon for the elongation,

1
Ao = 50<aa 0z + az” Pg)

2

where the ccefficients az® and bso' take account of the additicnal
elcengation in the length when the direct pressure on the hole gives tension
in the plates at both sides of the hole.

With the belt + hole deformatiorn measured between the points By sand
B> includsd in &g,

By = czl P> 8,5, &and so fecrth



20 NACA T No, 1135

But
Bo + Aol = Ap + B2

and using thie relation

Cgl P + as Q2+&2l P3=b2R2+b21 P2+Ggl Pa
which may also be obtained from the original equaticn
ca Po+ ax (Py + P2) =bo (P —Py —P2) + ¢4 Py

vy writing

cz = cpt ~ byt
and ca = €3 — ap

These corrected ccefficiente ¢ may be found directly by determining
the extensicn between the points A; ard C; cn the test specimen since
the ccennection i1s made by a single bolt. These points shcould be situated
sufficiently far from the bclt for no appreciable strain te occur bsyend
the peoints. Tilagcral geging shculd be aveided, and to reduce the number
of gages a "bridgs" may be buillt up between the two straps as shewn in
figure 12, TFor testing one bolt, two gasges —~ cne on each sile — are then
needed,

3.6 Tefcrmation cf Plate and Straps

If the effect of the hcle be diesregardsd
A = Ri/EA

wvhere A 1is the cross sectien and 1 1s the distance between the bolts
as shewn in figure 11. So far as 1s known, no direct tssts cn the addi—
ticnal elengation due ¢ the hole are available in putlished work. If

the diameter (d) of the hole 1s hot teo large in corpariscn with the
width (h) of the plate, an estimate may, however, be made in the fcllow—
ing way. A rectangular hole cf area d x nd 1is substituted for the cir-
culer hole and the extension 1s calculated on the basis that the stress is
unifermiy distributed both at the complete secticn and at the reduced sec—
ticn, Thie gilves
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A = R1/EAT
where the averags effective section 1s

A< a/{1+ma?1 (a-2) }

A ccmparison with the stress distrituticn given by Cokar and Filon (refer—
ernce 12, p. hE9) indicates a valuve cf the coefficient n equal to 2.5t0 3.
Their tesis were made en plates with open holes and, if the hnles were
f£1ll2d by belto, the stress distriduticn wriid be wore nifers and n
cerrespendirgly reduced. Pocui¥ly n egual te 1.0 tu 2 weuld give a
result thet ie mcre neerly ccrrecht. If th= noles ers very closely gpeced,
the effective sscticn is protebly not aprreciably differcnt from the mini-
mun section t(h - d).

3.7 Mcdifications in the Theory for Leced Distributlion for Leads
abtove the Limit of Proporticnality

Lrove the limit of preportionalilty the equaticrs that determine the
load distributicn are no longsr linear and, altho-gh an oxact sclution
may bs forrally obizined ty *reating © as a neinlineer functitn of P,
the computaticnal werk would then be very asvere. 'The rosul to may, how—
ever, be ctiained to any requlred desree of accuracy lIn the follewing
gimples way, provided the lcoad—extersicn curve 1s krown. Acsume that the

h .
lred cn the it belt 1s Py snd then rnear trkis valus

81 = ky (P1 ~ S1) %o

where the meaning of the constants ky arnd Sy pay be seen from figure

12. Ths quantity k 1s proportional to the reciprocel ¢f the tangont
modulus in *he same way that ¢ is propertional to the reciproscel of
the meduwlue of elesticity (B) at lew Jcads. On the assmapticn that
nenlinear deformations occur only in the beite and at the holes and not
in the secticns of the plates betwsen the licles, the equaticns

81 + Mt = Ay + B4y
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then give

ki1 (Py - S1) + ay (r; + Po+ .. .,Py) =by (P - Py =Por—-. . . —=Pg) 4+

that 1is,

(1 + b1 + k3) Py - ko Py = by P+ (k3 8; - ks Sp)
(a2 + b2)Py + (8 + by + ka)Pp — koPy = toP + (koSp—¥4S5) and so forth

Trese equations differ frem those trat are c(rrect crly relow the limit
of preporticrnelity in the pressnce of terms of the type k1S — k2O, and
in tkat ¥ row replaces o, Tn crdcr tc devermire ks valuse of S ard
k, tre belt lisds may be asswied to bs in tre rotriice »od o7 ke average
lcad P/L, and in most cases lTecourss Lo a gecer appolaimation will net
e recesssrr,  The correcponding value of k for 211 the Lots may then
te cbtaired from the load—sxtensicn curve, The trrome  (k4S{-kr41S{4y)
are then zore and the equaticns are identical with tre (riginal cnes, ex-—
cept that k now replaces c.

YLen all trs Tolt leads have Teon determired in this way, more accu—
rate vaiiues mar be fourd ty cabstituting “le cerr=sponding valuss of S
ard  k  fer each brlt ints +tre cemplets sivatirug oiven £ 0ove. The lrad
digtritnsicn may e £ourd te ary requir~d degres of accwasy by the repe—
titisn ~f +tLis procnss.,

It eppeare rom the Volkersen tests Sret &t ralf “ke ultimate load
the valae of Kk 1is atout five times thet ~f ¢ ir +tre pertizuler case
of thick Tolts, that 1a, =t relatively large values cof d/%, If, fer
exempls, & =% =1 send ¢ =2 at low leads, a valus of ¥ = 10 pay
te masumed tc te correct for lcada at Lalf the wltimate. For five bolte
¢ =2 gives

Hd
H

fl
d
"

I

5 = 0.319 P

0.136 P

0.091 P

ard Pa

while k = 10 gives as a first epproximaticn
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P, = Ps = 0,235 P
P, =Py = 0.182 P
and Pg = 0,166 P

The value of k increases very raplély in the neighborhced of the
ultimete loaed and then, according to Volkerson's tests, a value cf
k = 50 (or more) is not unreasonable for a value of ¢ = 2. With Xk = 50
it is found that

P, = Ps = 0,208 P
Po =Py = 0.196 P
and Ps = 0,162 P
These results show the extent to which the loads are mere uniformly
distributed when there are deformaticns beyond the proporticnal limit.
The design ¢f a Joint shculd not, however, be bsesed on these equalized
lcads becaues the actual behavior of each Individual belt (or rivet) is
1ikely to be irregular near the ultimate load. It is safer to base the
design on values of k corresponding to medium loads.
3.8 Symmetrical Joints
When there 1s symmetry, it is ccnvenlsent to number the bolts from the

“axis of symmetry end, for exemple, in & Joint with 8 bolts the numbering
is tken

L (end), 3,2,1,1,2,3,4 (end)
If all the secticnas of the plate and straps are the sams

Cl=02=oo-"c

The total rumber of bolts is assumed to be 2n, and the equaticns valid
up to the limit of proportionality are
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P, =P,
Po = Py + (2/c) P,

Pa = Py + (2/c) (P, + P5)

P, =P, + (2/c) (Py + P2 + P_), and so forth

and P; may be found from the equation

2(Py +Po+ . . . +P ) =P

n)

after expressing Py 1in terms of P;, The bolt loads for Joints with =

large nurmber of belte are shown in figure 14 tor values of ¢ equal to
5, 10, 20, and 4C.

If, now, a certain number of the tolts — say from (L +1) - carry
loads =bcve the limit of proporticnality while theege up to 1 carry
loads belcw this limit, an approximate soluticn may te found as follows.

Assume the dieplecement below the limit of »roporticnelity to be

81 = ¢ Pibo

and for all lcads above to be

51 = k (Pi i S)SO
where k¥ and S are constants.

The corntinucus lcad-sxtension curve ig thus rsplaced by two straight
lires as shcwn Iin figure 13, The assumed limit of properticrality 1s at
the lcad Sg = 8k/ (k -c), and by a proper cheice of the second lins
this value will be greater than .P;. On the other kand, however, ths
value of k sc determined will be much smaller than that corresponding
to loads near the ultimate,

If the 1% bolt carries a load that is Just equal to So, the dle-

Placement at this bolt may be expressed by either of the preceding for-
ulas. The equations for the first 1 bolits are then
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Py = Py + (2/c) (Py + P2+ . . . P1-y)

as before, and for the succeeding bolts are

Pisr = P1 + (2/k) (Py + Po + . . . Pi)

Pi+z = P14y + (2/k) (P + P2+ . . . P1),

As
and the

(1) P4

Py

[}

]

results for

)
|
+

g
M)
+

d
&)
+

P, +

Ps +

0.4 P,

an example, a symmetrical Joint
c=5 and k =20

O.h (Pl + Pg)

O;Ll' (Pl+' . .+P3)

0.4 (P1+. o .+P4)

0.4 (Pl + .

. .+ Pg)

Py +Po+ . . . +DPg

"

H

i

1

St

similar expresslons

to those above

Py + 0.1 (Py + .

P1+P2+-o

and so forth

25

with 12 bolts may be considered

1!

1.0000 Py
1.4000 Py
2.3600 P,
L,2640 Py

= 14,6326 Py

[

L

il

1]

]

3L.5302 Py

1.0000 Py
1.4000 P,
2.3600 P,

4,2640 Py

7.8736 P,

. . + P)= 9.5634 Py

+ Py

=

i}

are glven below.

0.0684 S,
0.0957 So
0.1613 S,
0.29L4 S,
0.5380
1.0000

2.1548

0.1270 Se
0.1778
0.2997
0.5415
1.0C00
1.2146

3.3606 So
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(3) P, =5,
P, = 1.0000 Py = 0,2345 S,
P, = similar expressions = 1,4000 P, = 0.3283 SQ
Py = to thoge above = 2.36C0 P, = 0,5535 So
P, = 44,2640 Py = 1.0000 5S¢
Ps =Py + 0.1 (Py + . . .+ P,) =5.166k P; = 1,2116 Sy
Pg=Pg+ 0.1 (Py+...+P) =6,584 P =1.544h 5,4
0.5P =Py +Pp+. ..+, - 48723 Sg

Similaer results may be obtained for Ps, Pp, and P; equal to So
thus giving the lcads carried by the bclts at various applied l-ads as
rhovn in figure 15(e). For intermediate values the lcads carried ty the
bolts may be found simply by linear interpolaticn. The bolt loads are
elso shown in figure 15(b) as functicne of the total lcad for this par—
ticular case.

The example shows that in a Joint with meny bolts the lcad distribu—
tion 18 far from being uniform even when the deformations are nonlinear.

ke time taken to ccmplete the calculations and the Arawings was 1%
heurs, which clearly shows thet an analysis of this kind can be mads in
a reagonable time,

3.9 Reinfcrcing of Main Plate by Side Plates

If the main plate 1s reinforced by side plates, as shown in figure

16(a these will tc acme extent behkave as straps in the usual vay, but

the deformation at the main bolt will bs slightly altered. The loads
carrisd by the bolts are denoted by

Py, P2, P, &and sc forth

tho lcads in the sections of thé middle plate by

Q =P1, Qo = P1 + Pp, QS =P; + P + PS’ and so forth
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and the lcads in the sections of the two side plates taken together by

Ry =P - Q, Ra. =P ~ Qz, Ra=PF — Qs, and so forth

as shown in figure 16(v). The displacement at the first bolt was rrevi-
ously denoted by Ci1P15c and, beceuse the side plates, an additirnal

term that is proportional to P, must now be intrcduced. (See fig. 15(c).)

This addftional term consists of two parts. cne cof which lIs dve to
bending of the bolt and the other due to the compression ariring Trom
the bearing stresses on the side plates. The first gives a displacement
in the same direction as P;, and the second glves a displacement in the
oproeite direction because the side plates slip back reletively to the
piddle plate. The main belt will usually be strong in comperison with
the plates and che disrnlacements due to bendingz will therefore be cmall
in ccmparieon with those due to bearing. The total displacement dus to
P; will therefore be negative and hence
where g 1g e pcsitive ccnetant. The equation

Ty 4+ Xll = Xl + 52

now gives
(82 + by 4+ ¢c1) Py ~c2Po= (by +g) P
while the other equations are as before
(az + b2) ¥y + (82 + bp + cz) Pa - caPs = by P
0
(33 + b3) (‘1 + Pg) + (aa + by + C3) Py — c4Py = bg P, and so ferth
A more detailed dilscussicn of the constant g 1s given below,
Assume, for exemple, that there ere one bolt and three rivets, as

in figure 16{a), and that

81 =8 = a3 = by + by + bg = 1

Cl=l.5, 02=CS=(_‘,4=?

0.8

4

g
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The equations are then

3.5P; =3P>,=1.8P

2P1+5P2-“3 =P

(W8]

2P1+2P2+5P3—3P4=P

P1+P2+P3+P4 = P

which give
Py =0.557°P
Py = 0.050 P
Ps = 0,121 P
Pg = 0.272 P

In other words, not quite half the load - P, + Py 4+ Pa = 0.4b43 P - 15
transferred by the rivets to the side plates and from these to the main
bolt. In addition, the bearing stresses acting on the middle rlate are
reduced to 55.7 percent of those found when thers were no gide plates.
If the term gP%, 1s neglected, the loads ars fourd to be

P; = 0.403 P
P = 0.137 P
Pa = 0.164 P
Py, = 0.296 P

Ae explained, the ccefficient g may be written in the form

g =gt ~-g't

where g! represents the ccmpresslon due to the boearing stresses and gl1
reprosents the bending of the bolt. The deformation dus to the bearirg
stresses has already been discussed sand
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g'Psb, = g'P1/EA = (P/EA) 1.3 (a/2t,)

that 1s,
gt = 0.65 (a/1ty)

The bending of the bolt is due to a bending mcment the value of which is
approximately

(P/2) (s — ty — ta)/2

and from this by calculating the relative displacement betwsen the centers
of the side plates and the middle plate it is found that

gt Po, = gt P(1/EA) = (2/3) (P/Rd;*)(s—ty—tp) (31246t tor2ta?)

that is,

| )
gt = 0.43(A/d10) (t2/dy) (8 /ts ~ 1 = t; /t2) i,l + 3(t1/t2) + 1-5(t1/t2)%}

If the main bolt is made of steel and the plates of dural, the abowe
constante 0.55 and 0.43 in g* and gll should be replaced by 0.52
and 0.1k4, respectively. It can be seen frcm these expressions for gl
anl gll that the latter 1s emall in ccmparison with the former if the
diameter d; of the first bolt is large in comparison with the thicknssses
of the plates, which is usually the case in practice.

For the elightly different system depicted in figure 17, all the equa-
tions remain the same as before except that now P, + P> + P3+ Py =0
instead of P. With the same dimensions as ebove 1t is found that

Py = 0.462 P

Pp = - 0,061 P
Pa=— 0,127 P
Py=—0.274 P

In other words, not quite half the lcad 1s transferred by the three rivets
to the middle plate and from this to the main bolt. The bearing stresses

are corrsepondingly reduced to 53.8 percent ef those found when no middle

plate is added for the etrengthening of the lugs.
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Trese formulas give an approximate indication of how the slope variles
with the load, 11 beirg remembered that 6 1is a functicn of the loed. 1In
corwequercs the mcement arms will also depend on the lcad, and the l-oad dis-
tritutlon cn the rivets 1s then dependent on the load even at loads below
the 1limlt of preporticnality, The load distribution 18, however, greatly
Influenced by belng inside the Joint, and these approximate formulas have
merely been glven to fix ideas.

The relation between o and g at the outer rivet is needed for a
more oxact solution of the problem. Consider a section originally of
length 1, between the (i — l)th and the ith rivets in the left-hand
side of the axis of symmetry as shown in figurs 20. The tensile lcad car—
ried Ty the plates 1s denoted by Q; and Ry, &nd the rivet losds at the

ende cf the section by Pj—; and Piy. Then frem symmstry

Qj+Ri=P
Q1 = Ry = P/2

Ri = P/2 - Ny

and Rn = Pn

where
N{ =Py +Po+. ., Py

Tre offset loading causes the plates tc bend, and thé piane ends of the
secticn are at an angle ¢1 to one anscther, Ccmparison,between the ex—

tensions at the ccmmon surfaces of the plates then gives

Ril1/EA — tP1/2 + 81 = Qi1/FBA + t@1/2 + B3
that 1s,

r 3
fy= (l/t)'j51 - %41 + (Ry ~ Q1) Z/E§f

= (l/EAt)~{C(P1 —Piq) =2 Ni-;L
| J

or

(t9%/12 P1) {C(Pi — Pi-1) — 2 Ny }

In crder to produce this degree of bending, each plate must be sub—
Ject to a bending mement of amcunt EI¢1/1.
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Let y'y denote the average value of the ordinate of the ccmmdn sur—
face of the two plates for the section of the jsint. Tho bending mcment
actinz on the whole section, resulting in bending of the two plates and
axial Torces, 1s then

My = Pyty = 2FIf1/1 + tRy/2 — tQ1/2

it

it

;
(t/8) {;(Pi ~Pi) =8 Ny r

~

and this glves

y'1 = (t/6P) ‘)Lc(Pi —P1-y) — 8 Ni'l}

The quantity y'i i sensidbly zero at very cmall loads end the foregoing
relatlon then shows that

P{ = P11 + (E/c) Ny~

The corresponding equaticns Tor double strap joints involve the constant
2/c 1instead of 8/c. It follows that for very small loads the lcad dis—
tribution shows even greater nonuniformity for single shear Joints than
far double shear Joints and this 1s due to the bending of the plates. If
infinitely lerge loads could be applied within the limit of proportionality,
anzles ¢i would still be finite and at such lcads the equatinns reduce

te thnse for double shear Joints, that is,
Py = Py + (2/c) Hin

In the enalysis of the losd distributien at Intermediate loads it is
canvenlent to replace the averags crdlnate yi' by the ordinate yy of

the point of intersection of the tengents at the ends of the sectinn, as
shown in figure 21(a).

Now

yit =¥y o+ 1¢1/6
andi 1t follews that

vy = (£/6P) {c(l — 62/12) (Py — P11} — 2(4 ~ 62/12)N3 (L
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Simrle rela*icns may now be found Petwsen the quantities yi1 1f
thcre i an even number of rivete y3 = 0, and thils merely confirms that
the rivels on gach side of the axis of symmetry carry the same lcad. Frm
fisure 21{L) it is clear thet the following recurrence relation holds be-
twoell the y'i values,

Fi+r —2¥i 4 yi-1 = W4, 1=2,3, ... (m=-1)
erd at the ends of the joint (see fig. 21(c)),

Yo =8-t/2+ /2 =g(1l+8/2) -t/2

Yo~ = ¥n t (CL + %)Z =g (l + 39/2) - t/2 + Z¢n

The expressicn for yy; and ¢1 previcusly found ray ncw be substituted

Irtu thoes squaticns to give n relaticns between the n rivet lcads
ard the ordinate g.

In additicn
2(P1+P2+,. .+Pn)=P
ard these equeticna taken all together suffics to determine the rivet
loads P3j and the crdinate g.
In general, the zolution of the eguatlons is rather Invelved and

as an 1llustraticn the ccmparatively simple case of n = 2 (i.e., 4 rivete)
8 ccunslders 1 de . he eguaticrns are
ls ccnsidorsd in detail The eguat &

g (1 +8/2) — /2

3
V)
fl

0=g (L+38/2) - t/2+ 1/

e
[l
il

and 2Py + 2P, = P
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or

g(l +86/2) = tf2 + (t/6P)~{ c(1 ~ 8% /12)(Px — P;) - E(h—62712)ﬁl}

g(1 + 36/2) = t/2 - (+/6P)(62/2) { c(Pp ~ P1) - 2Py 1

and
2P, + 2P, =P

These equations give

-

Po/Py =1+ [i8 + 62(10 + 39)/121 /ic{:l + 38/2 + 62(10+30) /2 } + 69J

|

and by taking c¢ = 4, the following numerical results for various values
of 6 may be obtalned:

0 P, /P Po/P
0.0 0.125 0.375

5 179 .321
1.0 .200 .300
1.5 .209 .291
2.0 .213 .237
2.5 .215 .285
3.0 .215 .285
3.5 .215 .285

Fer very large values of 6
Pg = Pl (l + 2/0)
and agsain this gives

0.2 P

i}

Py

+d
N
i

0.3 PF

as for double strap jolints.
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Tre roluticn for very high values of 6 1s nf little practical in-
terset hocause 1t errresponds to high lcads. HNow

f = B9 t2/1212

and by teking € =2 and 1l = 10t 1t is found that f = E/300. Strasses
in exceps T this value will result in ncnlinear 2=frrmatirng, and ths
formula will n lenger be velid unless the rivet piteh 1s insreased, The
variatirn in the 1lnad on the outer rivet 1s shown dlagrammatically in fig-
ure 22 rr, the basis that the lcads are within the elastic limit. The ac—
tunl rumerical results will, of course, vary b-tn with the numbar ~f riveta
and with the velue of ¢ fcr the particuler jJoint in questinn.

VWhen thero ere ssveral rowe ~f rivets Jrirdrg the tuc platza trgsther,
it is nneessary ecnly to medify the above formulgo by taking A +c ba the
arca crrr«-gprrndirg to rne line cf rivets,

Tra abrve tadle shows that with 4 rivets end ¢ = 4 the lred dis—
trivutlen en the rivets 1z the same for single and deuvdle chrar jrints
If & = 1. In gereral th» load distribuviticn for single and dcuble shrar
Jrints with 4 riveta is the sene 1f

and. for larger values of - q the lead distributicn is betior fe oingls
than frr doublna shear Joints.

Thr equatiors as glven above are for jrints with an even number
of rivets (2n) and fer an odd number of rivets (2n + 1) +they should
bs modificd as frllewe, The central rivet is desigpated by the suffix
» and the other rivete ere deslgrated ao befrre. The total lecad 1o now

P:Pﬂ+2(P1+P9_+.- oPn)

instead of

P=2(P, +Po+ .., P.)

and
Ny = PG/Q +Py + P+ .., P

Inetead Af

N =P14+P2+000P

i i
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At the axis of symmetry yi = - o 1instead of y; = 0, All other
gonesal equations, however, remain unaltered, For example, in a Joint

with only three rivets the equations are

P=P,+2P;

y1 = (t6%/12 P) {c("fl ~ Po) - Po}
y1 = (t/6 P) -{c(l - 6%/12)(P; — Po) — (4 — 6%/12) Po-}
vi=g (1 +6/2) -t/
and
Jo=-y1 =8 (L +39/2) —t/2+d,
which give

P1/Py =1+ f8 -6 + (4+6) 92/12} /

T

c 2(1+8) + (4+8) 92/12i} + 66]

r

37

and by taking ¢ = 4 the fcllowing numerical results for various values

cf & may be obtained:

6 P,/P P, /P
0.0 0.200 0.400
) .250 375
1.0 .276 .362
1.5 .290 .355
2.0 .258 .351
3.0 .30h .348
4.0 386 347
5.0 .304 .348
10.0 .296 .352 ’

The esingle shear Joint with three rivets has the same load dis—
tribution as the double shear Joint; that is, Pl/P =1 + l/c if
q = 2c/(2 + c), and for larger values of q the single shear Jolint
has & better load distribution than the double shear joint, and in
particular for ¢ = 4/3 and ¢ =4 the load distribution
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]
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Po/P

P, /P
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O
L
\Ji
-~}

is cbtained both for single and dcuble chear Joints, and tkhe distritution
in single shear Joint: is slightly improved for larger values of 0.

When thereo are egeveral rows of rivets i1t is nacessary conly to make
the sams modification that has already been menticned for an even rumbsr

.
f rivets.

(&}

CONCT.USTIONS

Further experimentsl data on the lead distribution in bolted or
riveted Joints in light-slloy structures are recded to check the theory
develcned in thils repert and also to provide design data on bolt and
rivet stiffressss, The experimental data at present known are primarily
due to Volkerson and these are not sufficlent. The numericazl examples
given show that the load distributlon dces not vary greatly with the
tolt (or rivet) stiffrwsses and thai for degign purposes 1t 1s usually
sufficient to kncw thelr order of megnitude, The thecry mav aleo be

irectly ussd for epot-welded etructures and, with small modificaticns,
for seam-wslded gtructures,

The computational work involved in the metheods descrided is simple
and may be completed in a reascneble time for most practical probiems,
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